This article addresses the issue of estimating the duration in inflation in bouncing cosmology when anisotropies, inevitably playing an important role, are taken into account. It is shown that in Bianchi-I loop quantum cosmology, the higher the shear, the shorter the period of inflation. In a range of parameters, the probability distribution function of the duration of inflation is however peaked at values compatible with data, but not much higher. This makes the whole bounce/inflationary scenario consistent and phenomenologically appealing as all the information from the bounce might then not have been fully washed out.
I. INTRODUCTION
Loop quantum gravity (LQG) is an attempt of deriving a background-independent and non-perturbative quantization of general relativity. In the canonical formalism, it relies on Ashtekar variables, namely SU(2) valued connections and conjugate densitized triads. The quantization is basically obtained through holonomies of the connections and fluxes of the densitized triads. Quite a lot of impressive results were recently obtained including an extensive covariant reformulation (see, e.g., [1] for introductions and reviews).
Loop quantum cosmology (LQC) tries to capture the main features of LQG in the highly symmetric situations relevant for cosmology. A generic and important result of LQC is that the big bang is replaced by a big bounce due to strong repulsive quantum geometrical effects (see, e.g., [2] for reviews and [3] for a recent numerical test of the bounce robustness).
In all bouncing cosmologies (except ekpyrotic models build to avoid this problem), either from the loop approach or any other, the issue of anisotropies is crucial for a very clear reason: the shear term basically varies as 1/a 6 where a is the "mean" scale factor of the Universe. When the Universe is contracting, the shear term becomes more and more important and might drive the dynamics. The very reason why the shear can be safely neglected in standard inflationary cosmology is precisely the reason why it becomes essential in bouncing models. When one assumes spatial homogeneity, anisotropic hypersurfaces admit transitive groups of motion that must be three-or four-parameters isometry groups. The four-parameters groups having no simply transitive * linsefors@lpsc.in2p3.fr † Aurelien.Barrau@cern.ch subgroups, they will not be considered here. There are nine algebraically nonequivalent three-parameters simply transitive Lie groups: Bianchi I through IX, all with well known structure constants. The flat, closed and open generalizations of the FLRW model are respectively called Bianchi-I, Bianchi-IX and Bianchi-V. In the following, we focus on the Bianchi-I model to study the dynamics around the bounce. This is meaningful as the Universe is nearly flat today and as the relative weight of the curvature term in the Friedmann equation is decreasing with increasing values of the density.
Different studies have already been devoted to Bianchi-I LQC [4, 5] . In particular, it was shown that the bounce prediction resists the introduction of anisotropies. As the main features of isotropic LQC are well captured by semi-classical effective equations [3] , we will assume that this remains true when anisotropies are included.
In a previous work, we have systematically explored the full solution space in a way that has not been considered before and have derived the LQC-modified generalized Friedmann equation that was still missing [6] . In another work, we established that, if initial conditions are set in the contracting phase, the duration of inflation is not anymore a free parameter but becomes a highly peaked distribution in isotropic effective LQC [7] . In this article, we address both questions at the same time: how is the duration of inflation affected by anisotropies that must be taken into account in any consistent bouncing approach?
The solutions of effective equations of Bianchi-I LQC, and the effect of the shear on slow-roll inflation, were previously studied in [8] . The main difference between this article and [8] is that we set the initial conditions in the far past, well before the bounce, while [8] set their initial conditions at the bounce. This difference is further discussed in Section VII.
II. GRAVITATIONAL SECTOR
Except the definition given in Eq. (22), this section is mostly a summary of the first half of [6] .
The metric for a Bianchi-I spacetime is given by
where the a i denote the directional scale factors. The classical gravitational hamiltonian is
with Poisson brackets
where γ is the Barbero-Immirzi parameter. The classical directional scale factors can be calculated from p i ,
The generalized Friedmann equation is
where
and cyclic expressions.
To account for LQC effects, the holonomy correction has to be implemented. It is rooted in the fact that the Ashtekar connection cannot be promoted to be an operator whereas its holonomy can. It is assumed to capture relevant quantum effects at the semi-classical level. Following the usual prescription, one substitutes
in the classical Hamiltonian. Theμ i are given bȳ
where λ is the square root of the minimum area eigenvalue of the LQG area operator (λ = √ ∆) [4] . The quantum corrected gravitational Hamiltonian is:
It can be shown that all gravitational observables are fully described by the h i :
As it could be expected, the initial six degrees of freedom (c i , p i ) reduce to only three physical degrees of freedom h i . This is because only the H i and not the a i are observables. The a i can indeed be changed by a rescaling of the corresponding coordinate, while H i remains invariant under any coordinate transformation that preserves the form of the metric given by Eq. (1). The equations of motion for the h i are derived from Eqs. (11) and (12):
and cyclic expressions, (13) where ρ is the total matter energy density and P is the total pressure. The average and directional Hubble parameters can now be re-expressed in terms of h i :
and cyclic expressions,
and
The LQC-modified generalized Friedmann equation can now be written:
where we define the quantum shear σ
The LQC-modified generalized Friedman equation given by Eq. (16) puts upper limits on both σ 2 Q and ρ.
It should be noticed that ρ c is the same as in the isotropic case.
In the limit h i → nπ with the same integer n for all
From Eqs. (13) and (15), one finds that
and from this, it follows that
Without any loss of generality, one can choose the labeling of the spatial dimensions such that initially
Because of Eq. (20), we know that this inequality will hold at any time.
We now define a the symmetry variable for the anisotropy.
It follows form Eq. (20), that S is a constant of motion, and it follows form its definition and Eq. (21) that −1 ≤ S ≤ 1. The classical shear σ 2 can in principle be calculated from H, σ 2 Q and S, since they contain all the physical information about the gravitational sector. However the exact relation is rather complicated and outside the scope of this article.
III. MATTER
A matter field has to be introduced. It will of course play a crucial role in the inflationary phase. We will choose a simple massive scalar field with potential
This is the simplest potential that will generate slow roll inflation, and therefore a good generic toy model. Given this potential, the equation of motion for the scalar field is:φ
The above equation, together with Eqs. (13), is the full set of equations of motion describing the system under study in this work.
IV. EARLY EVOLUTION
As shown in [6] , there are many solutions that never reach a classical limit, neither in the past nor in the future. However, in this study, we restrict ourselves to solutions that behave like a contracting classical universe in the remote past. As it was also found in [6] , all these solutions, and only these solutions, will approach the behavior of a classical expanding universe in the future.
For all the solutions of interest, there will therefore be a period in the far past where the solution behaves just like a classical contracting universe. This gives
The above relation can also be verified explicitly from Eq. (17) The matter content is slightly more complicated due to the oscillatory behavior of Eq. (24). Under the conditions
the solutions to Eq. (24) are well approximated by [7] 
for some parameters ρ 0 and δ. Note that ρ(0) is approximately, but not exactly, equal to ρ 0 . For the solutions of interest, the conditions given by Eq. (26) will always be met at some early enough time. Eq. (26) implies σ 2 Q ≪ 1 so that Eq. (25) is also true if the conditions of Eq. (26) are fulfilled.
If we average out the matter oscillations we find that
where · is the time average over one oscillation, or equivalently the average over all angles δ. At t = 0 we have ρ(0) = ρ 0 . Combining the above with Eq. (25) gives
V. SIMULATIONS
We have performed exhaustive numerical simulations (with control of the numerical errors) to investigate the duration of inflation as a function of the different variables entering the dynamics. All the simulations carried out is this work are started in the contracting phase, with a small energy density and shear, so that everything is well described by unmodified classical equations.
All simulations start from initial conditions fulfilling Eq. (26). As initial conditions for the matter sector, we use Eqs. (27) - (29) with t = 0:
As demonstrated in [7] , these initial conditions, together with a flat distribution of δ, give a natural distribution over solutions with different ratios of kinetic to potential energy. This is an important point for this study.
Since everything is initially very small in Planck units, we can approximate:
Solving the above equations together with Eq. (22) gives for h 1 (0), h 2 (0) and h 3 (0):
Finally, the initial conditions have to fulfill Eq. (16), and since we are in the contracting branch we get the negative solution for H(0),
The initial conditions of the simulations are now fully specified by Eqs. (32)-(34) and (37)-(40), and the parameters ρ 0 , δ, σ 2 Q (0) and S. To make sure that the approximations used for the initial conditions hold, the parameters must fulfill:
in Planck units, together with
which follows from the definitions. We have chosen to keep ρ 0 fixed for all simulations in this article. Different proportions between matter and shear are achieved by varying σ can be chosen for that specific energy density, since we also have to respect Eq. (41). However, since we must anyway restrict ourselves to a finite parameter range, we just have to choose ρ 0 small enough to cover the solution space of interest. In all simulations For all the simulations in this work, we have used m = 1.21 × 10 −6 , as favored by observation [9] . In addition, we have used γ = 0.2375 and λ = 4 √ 3πγ [1] which gives ρ c = 0.41 and σ , and the green is σ 2 Q . All the above plots are from the same simulation. Note that the kinetic energy is always completely dominating over the potential energy at the bounceφ
. The fraction of shear and potential energy at the bounce varies, depending on the initial conditions. The initial conditions are σ 
VI. RESULTS
It is important to stress that our results are model dependent. The results presented in this section are only true for the specific matter content described in Section III with m = 1.21 × 10 −6 . Any more general statement would require further investigations. Fig. 1 shows a typical evolution around the bounce (the bounce being defined as the point in time when H = 0). At the bounce, the Universe is completely dominated by the kinetic energy and the shear. The kinetic energy is very large for a very short time. This gives the scalar field a boost, and lifts it up to create the initial conditions for slow-roll inflation.
The evolution of the scalar field φ, shown in the upper panel of Fig. 1 , is not at all time symmetric around the bounce. After the bounce one can see the beginning of slow-roll inflation, with a high and almost constant value of φ. But there is, in general, no analog slow-roll deflation before the bounce. This is very typical of solutions for which the initial conditions are specified in the contraction phase before the bounce. The reason for this is that in forward time evolution, slow-roll deflation is a repellant, while slow-roll inflation is an attractor. This behavior have been thoroughly studied for the isotropic case in [7] .
As confirmed by the results given later in this section, if there is a lot of shear, the bounce happens at a lower value of the kinetic energy, and the scalar field is not lifted as high as in the isotropic case, which leads to less slow-roll inflation.
The number of e-folds of slow-roll inflation, N , can be calculated from the value of the scalar field at the beginning of the slow-roll phase φ inf l :
where the field is expressed in Planck units. The simulations confirm that slow-roll inflation starts when |φ| reaches its maximum value after the bounce.
A. Symmetry
Classically (i.e. with no quantum corrections), the value of S does not influence the evolution of the total Hubble parameter H and therefore does not have any impact on the inflation in this scenario. In effective LQC, however, the situation is different. A large asymmetry (i.e. |S| close to one) will stretch out the bounce. This can be seen in Fig. 6 of [6] and in Fig. 11 of [8] .
It should be noticed that in [8] the variables used for the shear are not the same as the ones chosen here. However, in [8] , the initial conditions are given at the bounce, i.e. H(0) = 0, so that σ ρ0 and δ = 0 for all the above plots. In the upper left plot, the blue line is hidden by the green one. In the lower right plot, the green line is hidden by the red one. . Note that in the lower plot, the green points are right on top of the red ones and are therefore hard to be seen. fields φ(0),φ(0). Therefore, varying σ 2 in the setting of [8] is equivalent to varying S in the setting of this paper.
The more dominant the shear is at the bounce, the stronger becomes this stretching effect, and vice versa. A longer bounce epoch might influence the outcome of φ inf l and thereby the duration of slow-roll inflation. We will therefore investigate how strong this effect is for the range of initial conditions studied in this article. 
0), δ and S. One sees that, up to numerical errors, there is no visible dependence on S. We conclude that the symmetry variable has negligible effect on the duration of slow-roll inflation in the parameter range of this article. Therefore, S = 0 is chosen for the rest of this study.
B. Shear
In this section we vary σ 2 Q (0) and δ to see how this affects the length of slow-roll inflation. Fig. 4 shows the results of extensive simulations carried out by varying both parameters. It can be concluded that, in general, the number of e-folds goes down when the shear increases. But a greater shear will also lead to a bigger spread in the number of e-folds, depending on the initial angle δ.
We stress that our results are complementary to those of [8] and cannot be directly compared because the initial conditions are set in two very different manners. In this article we chose to assume that the natural place to put initial conditions in the classical contracting past, as far away as possible from the highly quantum bounce region, and in agreement with usual causality.
For a model to be compatible with the observations, about 60 e-folds or more of slow-roll inflation are needed [9] . In Fig. 4 , one can see that for the given parameters, this bound goes somewhere between σ ρ0, 0}. First column: the maximum value of ρ (which is the value of ρ at the bounce) normalized to ρc. Second column: φ at the start of slow-roll inflation. Third column: Numerically calculated probability distribution function of the number of e-folds of slow-roll inflation, given that all δ have an equal probability. (31), one can express this in a slightly more general way. As long as Eq. (26) holds,
To have a long enough slow-roll inflation period we need σ 2 Q (0) 5 * 10
during the early evolution. Fig. 5 , shows the same data as Fig. 4 but in a different way. Here one can clearly see that the number of e-folds of slow-roll inflation depends strongly on ρ max , which is of course not surprising. When the shear vanishes, ρ max becomes fixed, otherwise it can vary between zero and the associated maximum value.
From Fig. 5 one can reed out that to get more than 60 e-folds of inflation, ρ max 0.18 is required. However, this result is highly dependent on the fact that the initial conditions are set in the past, long enough before the bounce. As pointed out earlier, using initial conditions in the contracting phase promotes a certain kind of solutions. This is precisely the spirit of this study and of the previous ones [6, 7] that we intend to generalize here.
VII. DISCUSSION
In this work we have investigated how the amount of shear affects the duration of slow-roll inflation in effective FIG. 6 . Two possibilities for the causal structure of a bouncing universe.
LQC, when the initial conditions are set in the far past. We have found that a larger shear will in general lead to a lower energy density at the bounce.
At the bounce, the energy density is dominated by the kinetic energy. For a very short time around the bounce, of the order of a Planck time, the kinetic energy is of the order of the Planck energy. This peak of kinetic energy will lift the potential energy up to a value of the order m 2 . When the peak of kinetic energy has died down, only the potential energy remains, and the slow-roll inflation starts.
However, the bounce will occur when ρ together with σ 2 Q are big enough so that the left hand side of Eq. (16) vanishes. Naturally, more shear will leave less room for the energy density. The growth of kinetic energy is interrupted at a lower value than in the isotropic case, leading to a smaller boost of the potential energy, leading to less slow-roll inflation. It should also be noticed that the initial parameter δ, relating the amount of initial kinetic and potential energy, has an impact on the duration of slow-roll inflation. However, δ should be seen as a truly random parameter, and we should therefore consider the results for a flat statistical distribution of δ.
We conclude that to have a good probability for at least 60 e-folds of inflation in this model, the initial conditions must fulfill:
There are two major schools on how to set initial conditions in LQC. One is, as in this study, to set the initial conditions in the remote past. The other direction is to set the initial conditions at the bounce. Which way is correct is a rather philosophical question. Causality in our universe seems to be running in a certain direction, which we call forward in time. When simulating almost any epoch in the Universe, physicists always run the simulations in the forward time direction, even though the laws of physics are time symmetric. The reason for this is because we are not actually interested by all possibilities, we are only interested in the most probable ones. The direction of causality is important for probabilities, e.g. an attractor in one time direction will be a repellant in the opposite time direction. The question of when to set the initial conditions in the simulation is an important one.
What is then the correct initial time in LQC? Well, it depends on how one thinks about the bounce. If one believes in a constant causal direction, as in the left panel of Fig. 6 , it is natural to set the initial conditions well before the bounce. However, we do not know how time behaves in quantum gravity, so this might not be the case. An alternative history is sketched in the right panel of Fig.  6 , where two universes with opposite causal direction are born from the same "bounce". In this case, it would be natural to assign initial conditions at the bounce. We do not know which, if any, of these two cases is correct. It is therefore reasonable to consider both paths. Anyway, each of them has its own problem with anisotropies.
In this article, we have investigated the case of initial conditions set well before the bounce. We have found that if the shear is too large when compared to the energy density, we will not have enough inflation to explain the known universe. This means that the shear "decreases" the amount of solutions that are compatible with data, and therefore the "naturalness" of the model. But on the other hand, this means that if the model is correct, the number of e-folds is probably not much larger that the lower bound required by observations. This is good for phenomenology as the quantum gravity effects may then not have been fully washed out by inflation.
The case of initial conditions set at the bounce was investigated in [8] where it was found that the anisotropies are not a problem for inflation. However, only solutions leading to a classical limit in the future where considered. But the vast majority of solutions do never lead to anything remotely like a classical universe at all [6] . When starting from a classical contracting universe, the nice solutions (i.e. the ones leading to a classical expanding universe after the bounce) are automatically singled out. But if initial conditions are put at the bounce, something else is needed to play this role.
